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The use of kriging models for approximation and metamodel-based design and optimization has been steadily
on the rise in the past decade. The widespread use of kriging models appears to be hampered by 1) computationally
efficient algorithms for accurately estimating the model’s parameters, 2) an effective method to assess the resulting
model’s quality, and 3) the lack of guidance in selecting the appropriate form of the kriging model. We attempt to
address these issues by comparing 1) maximum likelihood estimation and cross validation parameter estimation
methods for selecting a kriging model’s parameters given its form and 2) an R2 of prediction and the corrected
Akaike information criterion assessment methods for quantifying the quality of the created kriging model. These
methods are demonstrated with six test problems. Finally, different forms of kriging models are examined to
determine if more complex forms are more accurate and easier to fit than simple forms of kriging models for
approximating computer models.

I. Introduction

K RIGING models have become a popular method for approx-
imating deterministic computer models.1−7 They have been

used in a variety of applications including conceptual design,8

structural optimization,9 multidisciplinary design optimization,10

aerospace engineering,11 and mechanical engineering.12 Kriging
models offer a good choice for these types of applications because
of their flexibility to approximate many different and complex re-
sponse functions. They are also a good choice for approximating
deterministic computer models because they can interpolate the ob-
served or known data points.13,14 The widespread use of kriging
models appears to be hampered by 1) the lack of guidance in se-
lecting the appropriate form of the kriging model (see Sec. II.A),
2) a computationally efficient algorithm for estimating the model’s
parameters (see Sec. II.B), and 3) a method to assess effectively the
model’s quality (see Sec. II.C). In this work we investigate these
three aspects of using kriging models to approximate determinis-
tic computer models and attempt to draw conclusions based upon
the results of creating kriging models for six test problems: a one-
dimensional, four two-dimensional, and one five-dimensional func-
tions (see Sec. III). For each test problem, many different forms of
kriging models are fit using two parameter selection methods (max-
imum likelihood estimation and cross validation) for each model’s
form. All of the resulting models are then assessed for their abil-
ity to approximate the original deterministic computer model. Two
assessment methods that employ only the data used to fit the mod-
els are compared. All of the models are also assessed with large
validation data sets to provide an approximation of the true er-
rors. The results are analyzed in Sec. IV, and conclusions are given
in Sec. V.
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II. Overview of Kriging
Kriging was initially developed by geologists to estimate mineral

concentrations over an area of interest given a set of sampled sites
from the area15; it was also introduced about the same time in the
field of statistics to include the correlations that exist in the residuals
of a linear estimator.16 There are many texts in geostatistics17,18 and
in spatial statistics19−21 that provide many details on the develop-
ment and use of kriging models in their respective disciplines. This
section will cover the details that are important for using kriging
models to approximate deterministic computer models.

A kriging model is a generalized linear regression model that ac-
counts for the correlation in the residuals between the regression
model and the observations.16 Given the mathematical form of krig-
ing (see Sec. II.A), the process of using kriging first requires the
estimation of the “best” model parameters (see Sec. II.B), and an
assessment of the resulting kriging model’s accuracy (see Sec. II.C)
before it can be used as an approximation to a deterministic computer
model.

A. Mathematical Form
The mathematical form of a kriging model has two parts as shown

in Eq. (1). The first part is a linear regression of the data with k
regressors modeling the drift of the process mean, also called the
“trend,” over the domain. Most previous engineering applications
use a constant trend model over the domain14 and rely on the second
part of the model to “pull” the response surface through the observed
data by quantifying the correlation of nearby points.

ŷ(X) =
k∑

j = 1

β j f j (X) + Z(X) (1)

The second part Z(X) is a model of a Gaussian and stationary ran-
dom process with zero mean and covariance:

V (x1, x2) = σ 2R(x1, x2) (2)

The process variance σ 2 is a scalar of the spatial correlation func-
tion (SCF) R(x1, x2), which controls the smoothness of the resulting
kriging model, the influence of nearby points, and the differentiabil-
ity of the surface by quantifying the correlation between two obser-
vations. Koehler and Owen22 provide an overview of four common
SCFs used for approximating a deterministic computer model and
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detail the impact of selecting different parameter values for these
functions.

There is little guidance in the literature on the selection of the best
form of the SCF. Statisticians suggest the use of the Matérn family of
SCFs (Ref. 21, p. 12). The Gaussian function is the most commonly
used SCF in engineering design14 as it provides a relatively smooth
and infinitely differentiable surface, making it a better choice when
used with gradient-based optimization algorithms. It is the SCF used
in this work and is defined with only one parameter θ , which controls
the range of influence of nearby points11,22,23 as follows:

R(x1 − x2) = e−θ |x2 − x1|2 , where θ > 0 (3)

The correlation function range parameter θ used in Eq. (3) has lit-
tle meaning in a physical sense. An alternative form of the range
parameter for the Gaussian SCF is (Ref. 24, p. 15)

R(x1 − x2) = exp
[−(|x2 − x1|/d)2

]
, where d > 0 (4)

The range parameter d indicates the distance at which the influence
is e−1 = 0.3679 or approximately 37%. To support a multivariate
correlation function, a univariate correlation function is used for
each of the p input dimensions6,25 rather than using the Euclidean
norm of the space (Refs. 1 and 24, p. 5). A product correlation rule
is used for mathematical convenience:

R(X1, X2) =
p∏

j = 1

R(|x2, j − x1, j |) (5)

This formulation improves the flexibility of modeling the correlation
of each input dimension at the expense of requiring the selection of
additional model parameters (p parameters instead of just one).

Let the set of n known inputs to the computer model be
X = {x1, x2, . . . , xn} ⊂ �, where � is the set of all possible inputs to
the model that result in an output, that is, the domain of the computer
model. The resulting outputs are Y = {y(x1), y(x2), . . . , y(xn)}.
Given these sampled outputs of the computer model, consider a
linear predictor of the output:

ŷ(x) = λT (x)Y (6)

at any point x ∈ �. The kriging approach treats ŷ(x) as a random
function and finds the best linear unbiased predictor λT (x)Y, which
minimizes the mean square error (MSE) of the prediction,

MSE[ŷ(x)] = E[λT (x)Y − y(x)]2 (7)

subject to the unbiasedness constraint,

E[λT (x)Y − y(x)] = 0 (8)

The general form of kriging, universal kriging, is defined with a
set of regression functions

f (x) = { f1(x), f2(x), . . . , fk(x)}T (9)

A second type of kriging, ordinary kriging, is a special case of
universal kriging, where

f (x) = {1} (10)

Ordinary kriging is the most commonly used form of kriging em-
ployed to approximate computer models.13,14,23 This work compares
the accuracy of the kriging models created using the simple regres-
sors of Eq. (10) to the more complex regressors of Eq. (9).

A vector F is constructed by evaluating f (x) at each of the n
known observations:

F =





f (x1)

f (x2)
...

f (xn)




(11)

The next definition needed is for the correlation matrix R, which is
composed of spatial correlation functions evaluated at each possible
combination of the known points,

R =





R(x1, x1) R(x1, x2) · · · R(x1, xn)

R(x2, x1) R(x2, x2) · · · R(x2, xn)
...

...
. . .

...

R(xn, x1) R(xn, x2) · · · R(xn, xn)




(12)

This matrix R is a positive semidefinite matrix because the SCF
defining each element is positive semidefinite. It is also symmetric
because R(xi , x j ) = R(x j , xi ), and the diagonal consists of all ones
because R(xi , xi ) = 1.

The last definition needed is a vector to represent the correlation
between an unknown point x ∈ � and the n known sample points:

r(x) = {R(x, x1), R(x, x2), . . . , R(x, xn)}T (13)

If λ(x) solves the minimization problem of Eq. (7) subject to the
unbiasedness constraint of Eq. (8), then λT (x)Y is called the best
linear unbiased predictor (BLUP) of ŷ(x). By solving for λ(x) and
substituting into Eq. (6), the BLUP of ŷ(x) is given by

ŷ(x) = f T (x)β̂ + rT (x)R−1(Y − Fβ̂) (14)

where the least-squares estimate of β̂ is

β̂ = (FT R−1F)−1FT R−1Y (15)

and the MSE or variance of the estimate ŷ(x) is as follows:

MSE[ŷ(x)] = σ 2

{
1 − [f T (x) rT (x)]

[
0 FT

F R

][
f (x)
r(x)

]}
(16)

The first component of Eq. (14) is the generalized least-squares
estimate of a point x ∈ � given the correlation matrix R; meanwhile,
the second component pulls the generalized least-squares estimate
through the observed data points. The estimates at the observations
are returned exactly; the MSE at these points is zero because there
is no uncertainty in the results of a deterministic computer model.
As an unobserved point, x moves away from the observations, the
second component of Eq. (14) approaches zero, yielding the gen-
eralized least-squares estimate, and the uncertainty in the estimate
approaches its maximum value, the process variance σ 2.

B. Parameter Estimation Methods
Parameter estimation is the process of selecting the regres-

sion function coefficients, process variance, and SCF parameters
γ = {β, σ 2,θ} for the kriging model that shows the best possible
predictive performance. In this work, two methods that require opti-
mization to estimate the kriging model parameters, maximum like-
lihood estimation (MLE) and cross validation (CV), are compared
based on two criteria: 1) accuracy of the resulting kriging model
as determined by using a large validation set of data for each test
problem and calculating the rms error for the validation data, and
2) accuracy of the selected model parameters as determined by com-
paring the values of the correlation function parameters found with
the two methods to those found by minimizing the rms error (RMSE)
of the validation data.

One of the core assumptions of MLE is that the observations come
from a Gaussian process; unfortunately, this is seldom the case with
observations of computer models used in engineering design.26 In
this work, the residuals used for MLE are tested for the normality
(Gaussian shape) using the modified Shapiro–Wilk’s test27−29 to
determine if the actual distribution of the residuals has any impact on
the ability of MLE to select the best kriging model parameters. The
Shapiro–Wilk’s test for normality provides a p-value (a probability)
that the given samples (in this case the residuals) came from a normal
or Gaussian distribution.
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1. Fitting Kriging Models Using MLE
The design and analysis of computer experiments13 primarily

uses the statistics-based method of MLE as an objective estimator
of the best kriging model parameters γ that are most consistent with
the observed data.6,30,31 MLE assumes the residuals have a known
probability distribution shape, which in most cases is the Gaussian
probability distribution. The logarithm of the multivariate Gaussian
likelihood function is

�[γ|Y] = −(n/2) ln[2πσ 2] − 1
2 ln[|R|]

− (1/2σ 2)(Y − Fβ)T R−1(Y − Fβ) (17)

By taking the derivative of this log-likelihood equation with respect
to β and σ 2 and solving for zero, the closed-form solution for the
optimal value of β is found to match Eq. (15), and σ 2 is

σ̂ 2 = (1/n)(Y − Fβ̂)T R−1(Y − Fβ̂) (18)

A closed-form solution does not exist for the optimal parameters
of most common SCFs, requiring numerical optimization. To reduce
the number of model parameters determined with the numerical
optimization, the profile log-likelihood is optimized. The profile
log-likelihood substitutes32 the known optimal values of β̂ and σ̂ 2

from Eqs. (15) and (18) back into Eq. (17) and optimizes for the
unknown correlation parameters θ.

Three computational problems often exist when using MLE to se-
lect model parameters for kriging models: 1) multimodality of the
log-likelihood function, 2) long ridges in the log-likelihood func-
tion, and 3) ill-conditioned correlation matrices. The first problem
was initially identified by Warnes and Ripley33 and Ripley (Ref. 24,
pp. 15–21) while using a spherical correlation function.30 They de-
termined the problem resulted from their test problem having both
short- and long-range correlations. When a second-order trend func-
tion was used to model the long-range effects, the multimodality was
no longer observed. Mardia and Watkins32 determined multimodal-
ity was caused by discontinuities in the second derivative of the
SCF (a property of the spherical SCF) and by small numbers of
observations used in the likelihood function. Stein (Ref. 21, p. 173)
states that “when using the Matérn model, I am unaware of any ex-
amples of likelihood function with more than one local maximum.”
The Matérn model is a general form of SCF of which the Gaussian
and exponential are special cases. The second issue, long ridges in
the likelihood function, was acknowledged by Stein21 and shown
by Warnes and Ripley.33 A long ridge of nearly constant and opti-
mal values can lead to numerical difficulties for gradient-based and
simplex optimization algorithms.

The last issue of using MLE is ill-conditioned correlation matri-
ces. The correlation number of a matrix is defined as the ratio of the
absolute values of the largest and smallest eigenvalues of the cor-
relation matrix.34 It is a worst-case loss in precision when inverting
the correlation matrix. A matrix is considered ill-conditioned if the
logarithm of the condition number is greater than the computer’s
precision (15.9546 for a Pentium M computer running Windows
XP). A large condition number will result in a matrix that may have
significant numerical inaccuracies when inverted. A study on the
factors affecting the condition number was performed by Davis and
Morris.35 They determined that larger correlation ranges and closer
located observations tend to result in larger condition numbers. The
same result was found during the investigations of this work.

The issue of ill-conditioned matrices was noticed by Booker et al.9

and Sasena36 in the context of optimization of a deterministic com-
puter model using kriging models. As their global optimization algo-
rithms converged, observations began to cluster around the optimal
value, resulting in rows and columns of the correlation matrix that
were almost identical. Booker et al.9 improved the condition num-
ber by adding a small value (10−6) to the diagonal elements of the
correlation matrix, and Sasena36 used a small nugget effect (e.g.,
10−12). These techniques are very similar and result in a kriging
model that no longer interpolates the observations. More recently,
Booker37 introduced a second Gaussian process to model the short-
range variability present in the local vicinity of the optimal point,

allowing the kriging model to still interpolate all of the observations.
A fixed set of evenly distributed observations is used in this work
(see Sec. III) to avoid ill-conditioned correlation matrices.

2. Fitting Kriging Models Using CV
An alternative to MLE for parameter estimation is CV.19 Currin

et al.6 indicated the problem of finding the best parameters for a
predictive kriging model “suggests cross validation.” Currin et al.38

provided three definitions of cross validation: 1) “leave-one-out”
predictive density,39 2) leave-one-out squared bias, and 3) MLE
as a form of cross validation. In this work, leave-one-out squared
bias cross validation is used because only the expected value of the
response is of interest38 and not the probability distribution of the
kriging model output.40,41

Cross validation of a kriging model is determined by holding all
of the model parameters γ = {β, σ 2,θ} constant while creating n
kriging models using each subset of the remaining n − 1 points and
calculating the error at each omitted location in turn. Currin et al.38

and Mitchell and Morris42 provided a computationally efficient for-
mula for the leave-one-out CV error of prediction at each deleted
site for a constant trend function kriging model as

ei = qi (gi − βwi ) (19)

where

g = R−1Y, w = R−1F

and q is the inverse of the diagonal of R−1. If the elements of q
are placed on the diagonal of a matrix Q, a more general form of
Eq. (19), allowing the cross validation of a more complex trend
function, can be restated as

e = Q(g − wβ) (20)

By minimizing the average squared bias,

� = eT e/n (21)

the estimated values of the trend function coefficients are

β̂ = (wT Q2w)−1wT Q2g (22)

where Q2 is QT Q, or Q with each element squared. This is very
similar to results Currin et al.37 found when solving for the constant
trend function,

β̂ =
n∑

i = 1

q2
1 wi gi

/ n∑

i = 1

q2
i w2

i

Equation (21) is minimized over the correlation function param-
eter space by substituting the optimal β̂ from Eq. (22), which is also
a function of the correlation function parameters. This method is
similar to the profile log-likelihood method to reduce the number of
variables being optimized.

An advantage to CV over MLE is that it does not assume any
probability distribution shape for the residuals. This can result in a
better estimate of the optimal model parameters than MLE in cases
where the probability distribution of the output is not Gaussian.43

Currin et al.6 state, “Of the various kinds of cross validation we have
tried, maximum likelihood seems the most reliable.” Sacks et al.13

felt that “our experience is that even crude MLEs can lead to useful
predictions and quantification of uncertainty.” Wahba44 and Stein45

compared CV to MLE as methods for choosing model parame-
ters. They both considered the situation when the correct stochastic
process was used, that is, the observations followed the assumed
distribution. Wahba44 found that at relatively small numbers of ob-
servations CV selected model parameters better than MLE based on
a predictive mean-square-error criterion for relatively smooth ob-
servations, and CV always performed better for larger numbers of
observations. Stein45 looked at the resulting uncertainty in the model
parameter estimates and found “both estimates are asymptotically
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normal with the GCV [CV] estimates having twice the asymptotic
variance of the MML [MLE] estimate.” It is unknown if the perfor-
mance of the two differs greatly as the observations depart from the
assumed probability distribution, but Wahba44 believes that CV is
more robust in this case.

After selecting the best kriging model parameters, the resulting
kriging model must be assessed to provide a measurement of its
capability to reproduce the output of the computer model or simu-
lation. In the next section, two methods, a cross validation and an
information-based method, are presented to assess the quality of
metamodels, permitting comparisons of accuracy between the dif-
ferent forms of kriging models and of the methods used to select the
parameters for the kriging model forms.

C. Metamodel Assessment
A metamodel’s quality can be assessed with two measurements:

1) accuracy when reproducing the observed data and 2) accuracy
in predicting the original model at unobserved locations. The first
measurement is important for regression models, but the measure-
ment is meaningless for interpolating models like kriging because
they reproduce the observations exactly for any values of the model
parameters and is not considered in this work. The second measure-
ment is most accurately assessed by measuring the error in a model’s
prediction at a large set of m additional observations. These errors
can then be summarized with the RMSE or with the R2

actual measure-
ment, which is defined as

R2
actual = 1 − SSE/SST

where SSE is the sum of the squared errors of prediction at the m
additional observation sites and the total sum of the squares is

SST = Y T Y −
( m∑

i = 1

yi

)2/
m (23)

This method requires a large number (m � n) of potentially compu-
tationally expensive computations to obtain the additional observa-
tions of the computer model that are not used to fit the metamodel.
Larger values of the R2

actual indicate the metamodel is a better approx-
imation of the original model, and the best values of R2

actual approach
one. As a more computationally efficient alternative, CV2,46,47 or
Akaike’s information criterion (AIC) can be used.48,49

The two methods, CV and AIC, are compared in this work be-
cause they do not require the use of additional observations to assess
the predictive capability of the model, which is particularly impor-
tant when working with computationally expensive analyses. The
most common measurement of the accuracy for predicting the orig-
inal model is cross validation. This procedure is identical to that
used during CV parameter estimation. Cross validation leaves out a
fixed number of the current observations, frequently just one, from
the metamodel and uses the remaining observations to estimate the
value of the computer model at those points.47 The second method,
AIC, quantifies the accuracy (actually the uncertainty) of the meta-
model’s parameters. AIC is a function of the log-likelihood of the
model parameters exactly as used for the MLE parameter estimation
method. The CV and AIC measurements are compared to R2

actual in
Sec. IV for their ability to assess the quality of a kriging model
and to provide a criterion for selecting between different forms of a
kriging model.

In the context of generalized linear regression models, cross val-
idation error assessment is often termed predictive error sum of
squares (PRESS).47,50 To calculate the PRESS statistic, each obser-
vation is omitted in turn while the remaining sites are used to fit
the regression model. This new model is then used to predict the
withheld observation and its resulting error or residual. The PRESS
statistic is defined as the sum of squares of the leave-one-out cross
validation errors and can be used in place of the sum of square
residuals to compute an R2 for prediction,

R2
prediction = 1 − PRESS/SST (24)

where the total sum of the squares is calculated with Eq. (23) with the
n observations. This statistic gives an indication of the predictive
capability of the metamodel that is scale independent and can be
used for interpolating models such as kriging models.

The PRESS statistic can be improved by adding more degrees of
freedom (i.e, more parameters) to the metamodel being assessed,
which can lead to overfitting the data. The R2

prediction can be adjusted
accordingly to reduce this tendency to overfit the data as

R2
prediction adjusted = 1 − [(n − 1)/(n − q)]

(
1 − R2

prediction

)
(25)

where n is the number of observations and q is the dimension of
β+ the dimension of θ+ 1 for the variance.

AIC48 can be used to evaluate the quality of a model based upon
the value of the log-likelihood function from Eq. (17) and the number
of parameters q used to fit the model. It is defined as

AIC = −2�[γ| y] + 2(q) (26)

When the number of observations n is small (n/q < 40), as is
most often the case with metamodels, the AIC tends to be too small.
This value has been corrected51 with

AICc = AIC + 2q(q + 1)/(n − q − 1) (27)

where n is the number of observations used to estimate the model
parameters. From a given set of potential models, the one that results
in the smallest value of AICc should be selected. The CV and AIC
measurements are compared to R2

actual in Sec. IV for their capability
to 1) assess the quality of and 2) provide a criterion for selecting
between different forms of a kriging model.

III. Experimental Setup
To demonstrate the different parameter estimation and model as-

sessment methods, six test problems are used: one one-dimensional
(see Sec. III.A), four two-dimensional (see Sec. III.B), and one
five-dimensional (see Sec. III.C) problems. All of these test prob-
lems were implemented using Mathematica 5.0 running on Win-
dows XP sp1. Only the one- and five-dimensional problems are
relatively computationally expensive, taking 20 s to execute. The
two-dimensional problems are common test problems from the lit-
erature. The experimental procedure used is outlined in Sec. III.D,
and the results are analyzed in Sec. IV.

A. One-Dimensional Problem
The one-dimensional test problem calculates the output temper-

ature of a chemical reaction.52 The ratio of oxidant to the fuel being
burned is increased from no oxidant to an excess of oxidant. In this
process, the reaction increases temperature to a maximum and then
decreases as excess oxidant is added (Fig. 1). The sample points,
indicated by dots in Fig. 1, are evenly spaced at 0.1 increments from
0 to 1 for a total of 11 points. A set of 500 evenly spaced validation
points is used to evaluate the RMSE for each kriging model.

Fig. 1 Output temperature vs oxidant fuel ratio.
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B. Two-Dimensional Problems
The first two-dimensional test problem is highly nonlinear in one

dimension and is linear in the second dimension. This was intro-
duced by Osio and Amon7 and used by Jin et al.53 as a test problem
for sequential experimentation. The function is

y(X) = cos[6(x1 − 0.5)] + 3.1(|x1 − 0.7|) + 2(x1 − 0.5)

+ 7 sin[1/(|x1 − 0.5| + 0.31)] + 0.5x2 X ∈ [0, 1]2 (28)

The second two-dimensional test problem is a “mystery”
multimodal function in two dimensions that comes from Sasena36

y(X) = 2 + 0.01
(
x2 − x2

1

)2 − (1 − x1) + 2(2 − x2)
2

+ 7 sin(0.5x1) sin(0.7x1x2) X ∈ [0, 5]2 (29)

The third two-dimensional test problem is the Branin test function,53

which has less oscillation over its domain; it is defined as

y(X) = [
x2 − (5.1/4π 2)x2

1 + (5/π)x1 − 6
]2

+ 10(1 − 1/8π) cos(x1) + 10

x1 ∈ [−5, 10], x2 ∈ [0, 15] (30)

a) Profile log-likelihood with constant trend function

b) Profile log-likelihood with second-order trend function

c) CV with constant trend function

d) CV with second-order trend function

Fig. 2 Contour plots of MLE and CV parameter estimation methods vs d1 and d2 for six-hump camelback function.

The final two-dimensional problem is the six-hump camelback
function,36 which is defined as

y(X) = (
4 − 2.1x2

1 + x4
1

/
3
)
x2

1 + x1x2 + (−4 + 4x2
2

)
x2

2

x1 ∈ [−2, 2], x2 ∈ [−1, 1] (31)

For all of these two-dimensional problems, the same set of 21
sample points is used to fit each kriging model.42 These points were
generated using a Latin Hypercube,54 which is similar to the design
used by Jones et al.55 The domain of each example is mapped to
[0, 1]2. A set of 900 validation points placed on a 30 × 30 grid is
used to evaluate the RMSE for the metamodels.

C. Five-Dimensional Problem
The last test problem is an analysis of a gas generation system.52

It has five inputs that describe the geometry of the system and its
operating conditions, and it returns the volume of gas generated by
the system. The inputs to the problem are scaled and nondimen-
sionalized to map the feasible domain to [0, 1]5. For this problem,
a 40-point Latin Hypercube is used for sampling, and a set of 500
uniformly random validation points is used to evaluate the RMSE
for each kriging model.
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D. Experimental Procedure
Six steps are used to compare the parameter estimation and meta-

model assessment methods for each test problem:
1) Evaluate each computer model for the six test problems at the

selected sample points.
2) Fit an ordinary kriging model using both MLE and CV methods

to select the range parameters [see Eq. (4)] for the Gaussian SCF
for each input dimension. The trend function coefficient values are
chosen using Eqs. (15) and (22) for MLE and CV, respectively.

3) Assess each of the resulting kriging models using the R2
prediction,

R2
prediction adjusted, and AICc. Use Eq. (20) to calculate the leave-one-

out CV errors for all models. Compare these results with the R2
actual

found using the validation data. Use Eq. (18) as suggested by Currin
et al.38 to estimate the process variance σ 2 to calculate AICc.

4) Perform the Shapiro–Wilk’s test for normality (Sec. II.B) on
the observations using the results of the MLE method to remove the
bias in the observations; this test is not used on the CV-fitted models
because they do not require a specific probability distribution of the
modeled residuals.

5) Determine the “best” kriging model parameters for a set of
observations and model form used in step 2 by using the valida-
tion data to find the kriging model parameters that minimize the
RMSE (maximize R2

actual). The resulting estimated models should
have parameter values that are close to the actual values found in
this step.

6) Repeat steps 2–5 for other sets of trend functions as listed in
Table 1.

Results from these experiments are discussed next.

IV. Analysis of Results
The analysis of results is divided into three sections. The first

section describes some of the computational issues encountered
while determining the kriging model parameters. The last two sec-
tions compare the trend function (see Sec. IV.B) and metamodel
assessment methods (see Sec. IV.C).

A. Computational Issues
The most difficult computational issue with using kriging models

is the optimization process required to determine the optimal model
parameters. During optimization, correlation range parameter val-
ues were constrained to be 1) larger than half the minimum distance
between observations (e.g., 0.024 for the two-dimensional test prob-
lems), 2) smaller than five times the largest distance between ob-
servations (e.g., five for all test problems), and 3) the values must
result in a well-conditioned correlation matrix (see Sec. II.B.1). The
first two limits were chosen because there is no evidence available
from the set of observations to identify correlation ranges outside
of these limits.

Contour plots of the MLE and CV parameter estimation methods
for constant and second-order trend functions are shown in Fig. 2

Table 1 Abbreviations for trend functions

One-dimensional Two-dimensional Five-dimensional
Abbreviation trend functions trend functions trend functions

0 1 1 1
1 {1, x} —— {1, x1, x2, x3, x4, x5}
01 —— {1, x2} ——
10 —— {1, x1} ——
11 —— {1, x1, x2} ——
111 —— {1, x1, x2, x1x2} ——

12 ——
{

1, x1, x2, x2
2

}
——

21 ——
{

1, x1, x2, x2
1

} {
1, x1, . . . , x5, x2

1 , . . . , x2
5 , x1x2, . . . , x4x5

}

2 {1, x, x2} ——
{

1, x1, . . . , x5, x2
1 , . . . , x2

5

}

22 ——
{

1, x1, x2, x2
1 , x2

2

}
——

221 ——
{

1, x1, x2, x2
1 , x2

2 , x1x2

}
——

3 {1, x, x2, x3} —— ——

as an example of the difficulties that can arise during kriging model
parameter estimation. The gray regions in all of the plots of Fig. 2 in-
dicate values for the correlation function parameters, d1 and d2, that
yield an ill-conditioned correlation matrix. The ill-conditioned cor-
relation matrix constraint was similar in all of the two-dimensional
test problems. The multiple local optima were seen in the six-hump
camelback and the mystery function test problems, but they did not
appear to occur in the other test problems.

The three issues of using MLE discussed in Sec. II.B.1 of long
ridges, multiple local optima, and ill-conditioned matrices can be
seen in the contour plot of Fig. 2a, which shows the profile log-
likelihood plot with a constant trend function. The point in the up-
per left-hand portion of the plot indicates the global maximum,
and the lower central point is that found by a Broyden, Fletcher,
Goldfarb, and Shanno (BFGS) quasi-Newton method in Mathemat-
ica. To resolve the issue of multiple local optima, a Nelder–Mead
simplex algorithm56 and a differential evolution algorithm57 were
used for comparison of results. The algorithms used are available
within Mathematica 5.0. In the remaining results, the optimal val-
ues presented were the best results of the three algorithms with no
one algorithm always providing the best optimal values. The profile
log-likelihood plot in Fig. 2b, using a second-order trend function,
appears to have a single local maximum, affirming the results ob-
served by Warnes and Ripley33 of an improved trend function often
resulting in an easier to optimize profile log-likelihood function.

The cross validation parameter estimation method using the con-
stant and second-order trend functions for the six-hump camelback
test problem is shown in Figs. 2c and 2d. The CV method does
not appear to be as dominated by ridges (valleys) consisting of
nearly optimal values as the MLE method, but the resulting sur-
faces still appear to have multiple local optima. The source of the
“crack” in the ill-conditioned correlation matrix constraint region
is not known. The global minimum in Fig. 2c occurred at the left
central point. The lower point was a local minimum found using the
gradient-based, BFGS quasi-Newton method. All three optimiza-
tion methods found very similar optimal points as shown in Fig. 2d,
which were found to lie on the ill-conditioned correlation matrix
constraint.

B. Parameter Estimation and Trend Function Importance
The first aspect investigated in this work is the most accurate

method to estimate the kriging model parameters. To evaluate the
most accurate method, 1) the validation errors of the resulting model
and 2) the accuracy of the correlation function parameters selected
by each method are compared. The abbreviations used for the trend
functions of the test problems are summarized in Table 1.

The R2
actual values for the validation data for each trend function

are shown in Fig. 3. The “best” method has the largest R2
actual possible

for a given form of the kriging model as determined in step 5 of the
experimental procedure. This is not a truly fair comparison because
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a) One-dimensional test problem

b) Two-dimensional test function

c) Two-dimensional mystery function

d) Two-dimensional Branin function

e) Two-dimensional six-hump camelback function

f) Five-dimensional test problem

Fig. 3 Plots of R2
actual vs trend function for the six test problems.

the “best” models were determined from a much richer set of obser-
vations (many more observations of the approximated model). The
MLE and CV methods were given only a small set of observations
to estimate the model parameters.

The six test problems provide examples of situations when suf-
ficient observations are available to create a good metamodel (one-
dimensional test problem, first two-dimensional test function, two-
dimensional Branin function, and five-dimensional test problem)
and when insufficient observations are available to model the origi-
nal deterministic computer model (two-dimensional mystery func-
tion and two-dimensional six-hump camelback function). In the
case of the two-dimensional mystery function, none of the forms
of the kriging model that we investigated were capable of pro-
ducing a good metamodel with the 21 interpolation points. The
two-dimensional six-hump camelback problem can be reproduced
with the 21 interpolation points, but the points did not contain
the information needed to properly select the correct correlation
distances. The results from the two examples of insufficient ob-
servations are included for completeness and to allow the reader
to see the results from poor metamodels, but conclusions about
the accuracy of parameter estimation methods and the importance
of the trend function from these examples should be considered
carefully.

In general, as more parameters are used to define the kriging
model, the “best” R2

actual is improved. The same also appears to be
true for models fit with the MLE method. Models fitted with the CV
method tend to perform worse as more parameters are added. Given
the results of Fig. 3, the ability of kriging models to approximate
deterministic computer models is improved by using a more com-
plex trend function if using the MLE parameter estimation method.
The second result drawn from Fig. 3 is MLE consistently performs
better then CV as a kriging model parameter estimation method.
This supports the reported experience of many other researchers
(see Sec. II.B.2).

The correlation parameters chosen by each kriging model pa-
rameter estimation method are presented in Fig. 4. To compare the

results for all of the test problems, the geometric means of the cor-
relation distances are calculated. The geometric means of the “best”
correlation distances tend to become smaller as more parameters
are added to the trend function. The results found using MLE tend
to follow the same trend. These results support the conclusion from
Warnes and Ripley33 and Ripley24 that an improved trend function
will tend to model the long-range effects in the model while the cor-
relations will model the short-range effects. In general, CV selects
larger correlation distances than MLE, and both methods tend to
overestimate the best correlation distances. The overestimation of
the correlation distances by CV tends to increase with more param-
eters in the trend function. This overestimation of the correlation
parameters by CV can be attributed to including the edge points
in the leave-one-out cross validation, which tends to increase the
range of the correlation in order to more accurately extrapolate
the edge points. Future studies should examine the impact of ex-
cluding the edge points from the RMSE calculation during CV to
improve its effectiveness as a kriging model parameter estimation
method.

As stated in Sec. II.B, the MLE method may perform poorly if
the residuals from the trend function do not have a Gaussian prob-
ability distribution. The Shapiro–Wilk’s test of normality provides
a p-value (probability) that the sampled distribution is Gaussian. A
p-value over 0.5 indicates moderate evidence that the data comes
from a Gaussian distribution, whereas a p-value over 0.75 indicates
strong evidence.58 Figure 5 plots standard error vs p-value where
standard error is defined here as

standard error = MLE RMSE − Best RMSE

Best RMSE
(32)

The five-dimensional problem is not included because of scaling
issues; the p-values were very small (<0.029), and the standard
errors large (>30.8). Figure 5 indicates that large p-values tend
to yield smaller standard errors. Small p-values yield inconclusive
results.
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a) One-dimensional test problem

b) Two-dimensional test function

c) Two-dimensional mystery function

d) Two-dimensional Branin function

e) Two-dimensional six-hump camelback function

f) Five-dimensional test problem

Fig. 4 Plots of geometric mean of the correlations vs trend function for the six test problems.

Fig. 5 Plot of standard error vs p-value of the Shapiro–Wilk’s test for normality.

C. Metamodel Assessment
After the selection of the optimal model parameters for the ob-

served data, it is important to quantify the accuracy of resulting
kriging model. There are two decisions that need to be made: 1) is
the kriging model a good approximation of the deterministic com-
puter model? and 2) which kriging model is the best approximation
of the deterministic computer model?

The R2
prediction and the R2

prediction adjusted measurements are compared
to the R2

actual for all six test problems in Fig. 6. The abbreviations
in the legend identify first the parameter estimation method used
and second the measurement method with -t (true) for the R2

actual as
determined using the validation data, -p for the R2

prediction, and -pa
for the R2

prediction adjusted. The x axis in all of the plots indicates the
trend function used (see Table 1).

The CV parameter estimation method results in a better R2
prediction

and R2
prediction adjusted measurement than MLE for all kriging models

created. This is expected because the CV method finds the model
parameters that minimize the leave-one-out cross validation error.
The results of the test problems shown in Figs. 6a, 6b, 6d, and 6f
indicate that a kriging model can provide a good approximation
of the deterministic computer model (R2

actual > 0.95). For these four
test problems, R2

prediction appears to more closely approximate R2
actual

than R2
prediction adjusted, underestimating the R2

actual in most cases. It
is disturbing to observe such a high R2

prediction and low R2
actual for

CV fitted models in Figs. 6c and 6e, though the values of R2
prediction

for MLE fitted models appear to more closely estimate the R2
actual

for the resulting kriging models. One conclusion to draw from the
results shown in Fig. 6 is if R2

prediction > 0.9, then it is expected that
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a) One-dimensional test problem

b) Two-dimensional test function

c) Two-dimensional mystery function

d) Two-dimensional Branin function

e) Two-dimensional six-hump camelback function

f) Five-dimensional test problem

Fig. 6 Plots of all R2 measurements vs trend function for the six test problems.

a) One-dimensional test problem

b) Two-dimensional test function

c) Two-dimensional mystery function

d) Two-dimensional Branin function

e) Two-dimensional six-hump camelback function

f) Five-dimensional test problem

Fig. 7 Plots of R2
actual measurements vs AICC for the six test problems.
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R2
actual > 0.9 for kriging models estimated with MLE. The converse

of this is not true as can be seen in Fig. 6a, where R2
prediction < 0.9

and R2
actual > 0.95.

The results shown in Fig. 6 indicate that neither R2
prediction nor

R2
prediction adjusted appear to be a very precise metric. The results from

Fig. 7 indicate that AICC is an effective criterion to distinguish be-
tween competing kriging model forms. The best (smallest) AICC

measurements result from either the best model or nearly the best
model. The poorest (largest) AICC values are the results of CV-fitted
kriging models, where the correlation range has been overestimated.
The results shown in Figs. 7c and 7e indicate that the AICC mea-
surement is not effected by the overall quality of the kriging model.
The negative R2

actual in Fig. 7c results from the poor model param-
eters chosen by the CV method; a model consisting of the average
of the observations would be a better predictor.

V. Conclusions
The use of kriging models to approximate deterministic com-

puter models was investigated in this work. Specifically, three as-
pects on the predictive capability of the kriging model were exam-
ined: 1) model parameter estimation methods, 2) the importance of
the trend function, and 3) metamodel error assessment techniques.
Based upon the results presented in Sec. IV, the following conclu-
sions can be drawn:

1) Maximum likelihood estimation (MLE) was the best method
to select kriging model parameters even if the modeled observations
do not have a Gaussian distribution. Cross validation (CV) has the
potential of performing slightly better, especially for a constant trend
function, but it also has the potential of performing much worse.

2) The corrected Akaike’s information criterion (AICC ) provided
the best metamodel error assessment measurement to compare po-
tential metamodels for a given set of observations, but it did not yield
a means to estimate the actual model quality, namely, R2

actual. The
CV derived error assessment method R2

prediction appeared to provide a
reasonable test for the metamodel’s R2

actual. It was observed that if the
metamodel’s R2

prediction > 0.90, then the metamodel’s R2
actual > 0.90.

The R2
prediction adjusted measurement was not useful.

3) A kriging model with a more complex trend function provided
a better approximation of a deterministic computer model if the
parameters were estimated using the MLE method. A more complex
trend function also appeared to improve the shape of the profile
log-likelihood function, making it easier to determine the global
maximum using the MLE method. These results indicate that a trend
function that is more complex than a constant value, as is typical in
most current engineering applications, should be considered. Any
other knowledge about the computer model being approximated,
for example, if the output is a mass calculation and one of the input
is a diameter then a second-order term for the diameter, should be
incorporated into the trend function.

4) The widespread use of kriging models to approximate com-
puter models will require more investigation into the best optimiza-
tion algorithms to find the model parameters and improvement in
the computational efficiency of the optimization algorithms. Both
of the parameter estimation methods investigated (beyond the one-
dimensional model) had multiple local optima, requiring the use of
computationally expensive optimization methods. The parameter
space is also plagued with long, steep ridges, further complicating
the optimization.

There are still many unresolved issues that exist when using
kriging models to approximate deterministic computer models. A
few of them are listed here:

1) The results of the two accuracy measurements are dependent
upon the observations used to estimate the kriging model param-
eters being a good representation of the original computer model
being approximated. This “variable” is not quantified in this work,
and the “noise” in the results makes it difficult to reach definitive
conclusions.

2) The AICC measurement proved to be very useful in differen-
tiating between potential kriging models, but it lacks the ability to
draw absolute conclusions about the model. The scale of the AICC

is primarily influenced by the process variance σ 2. Future stud-

ies should investigate normalizing the trend function residuals to a
σ 2 = 1 and determining if better conclusions can be drawn from the
AICC measurement for model accuracy.

3) There appears to be no accurate method to assess the RMSE
of the resulting kriging model based on using cross validation of
the set of observations used to fit the model. Future studies should
investigate if there is a benefit to using a few observations, not
used to fit the model, to calculate an RMSE value in a method
similar to Meckesheimer et al.,46 or if all observations should be
included to provide the maximum amount of information to aid in
parameter estimation.
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